Evidence of random magnetic anisotropy in ferrihydrite nanoparticles
  based on analysis of statistical distributions by Silva, N. J. O. et al.
ar
X
iv
:0
71
0.
08
64
v1
  [
co
nd
-m
at.
mt
rl-
sc
i] 
 3 
Oc
t 2
00
7
Evidence of random magnetic anisotropy in ferrihydrite nanoparticles based on
analysis of statistical distributions
N. J. O. Silva,∗ V. S. Amaral, and L. D. Carlos
Departamento de F´ısica and CICECO, Universidade de Aveiro, 3810-193 Aveiro, Portugal
B. Rodr´ıguez-Gonza´lez and L. M. Liz-Marza´n
Departmento de Quimica Fisica, Universidade de Vigo, 36310 Vigo, Spain
T. S. Berquo´ and S. K. Banerjee
Institute for Rock Magnetism, University of Minnesota, Minneapolis 55455-0128
V. de Zea Bermudez
Departmento de Qu´ımica, Universidade de Tra´s-os-Montes e Alto Douro and CQ-VR,
Quinta de Prados, Apartado 1013, 5001-911 Vila Real, Portugal
A. Milla´n and F. Palacio
Instituto de Ciencia de Materiales de Arago´n, CSIC - Universidad de Zaragoza, 50009 Zaragoza, Spain
(Dated: November 30, 2018)
We show that the magnetic anisotropy energy of antiferromagnetic ferrihydrite depends on the
square root of the nanoparticles volume, using a method based on the analysis of statistical distribu-
tions. The size distribution was obtained by transmission electron microscopy, and the anisotropy
energy distributions were obtained from ac magnetic susceptibility and magnetic relaxation. The
square root dependence corresponds to random local anisotropy, whose average is given by its vari-
ance, and can be understood in terms of the recently proposed single phase homogeneous structure
of ferrihydrite.
I. INTRODUCTION
The relation between structural and magnetic proper-
ties is of importance from the point of view of applied
and fundamental research. This relation is not straight-
forward in systems with antiferromagnetic (AF) interac-
tions, reduced dimensionality or size such as nanoparti-
cles. In these systems, surface effects and disorder play an
important role and therefore deviations to the superpara-
magnetic (SP) canonic behavior are expected. Such ef-
fects change the relation between anisotropy energy, Ea,
volume, V , and magnetic moment, µ, found for typical
SP systems for which Ea and µ are proportional to V .
This is also the case of ultrathin films, where anisotropy
energy is proportional to surface area, leading to per-
pendicular magnetization. Important contribution from
surface anisotropy is also found in SP nanoparticles with
ferromagnetic interactions, where surface atoms consti-
tute a relevant fraction of the total atoms [1]. Another
example of non-proportionality between Ea and V is two-
dimensional Co nanostructures, where Ea was found to
depend on the perimeter [2].
The deviations to the proportionality between V and µ
found in AF nanoparticles are associated to the fact that,
in these systems, the net magnetic moment arises from
∗Electronic address: nunojoao@unizar.es; Present address: Insti-
tuto de Ciencia de Materiales de Arago´n, CSIC - Universidad de
Zaragoza, 50009 Zaragoza, Spain
the uncompensated and/or canted moments, µun, that
can be present at the surface, throughout the volume, or
both. The relation between µun and V reflect the origin
of the moments. In particular, Ne´el has shown that µun is
proportional to V q with q = 1/2 for moments randomly
distributed in the volume, 1/3 for moments randomly dis-
tributed in the surface and 2/3 for moments distributed
throughout the surface in active planes [3]. In ferritin, a
protein where Fe3+ is stored as ferrihydrite, q was esti-
mated to be of the order of q = 1/2 [4, 5] or to be between
1/2 and 1/3 [6] based on magnetization measurements.
These values were obtained either by using a system with
a given size and estimating the power relation between
the total number of ions and the equivalent uncompen-
sated number of ions [4, 6], or by the usual comparison
of systems with different average sizes [5]. The latter ap-
proach is limited by the possibility of synthesizing identi-
cal systems with different average volumes, that usually
covers less that one order of magnitude. An alternative
approach that takes advantage from the size distribution
is developed here. A sample with a wide distribution can
be regarded as one system containing a set of different
average sizes. An approach reminiscent of this approach
was first used by Luis and co-workers for the determi-
nation of the origin of magnetic anisotropy in gaussian
size-distributed Co nanoparticles [1]. They concluded
that surface anisotropy has an important contribution,
since the Ea distribution is narrower than the V distri-
bution. The effect of size distributions on the magnetic
properties was later used to study two-dimensional Co
2structures by Rusponi et al. [2]. The idea was based on
the fact that the shape of the in-phase component of the
ac susceptibility χ′ was critically dependent on the cho-
sen distribution, namely surface, perimeter and perime-
ter plus surface distributions. The authors concluded
that perimeter atoms were those relevant to the reversal
process in the Co structures, i. e., Ea depends on the
perimeter. Gilles and co-workers have also tried to use
susceptibility curves to obtain the relation between µun
and V in ferritin [7] but found that their experimental
curves were not very sensitive to the particular shape of
distribution nor the value of q [7]. In a different context,
the luminosity and the size distributions of rare-earth-
doped nanoparticles were used to establish the relation
between luminosity and size through the size dependent
optical detection probability [8].
In this report we show that lognormal distributed
nanoparticle samples are particularly useful to study the
relation between a physical property and size. This is
based in the fact that when two physical quantities are
related by a power function, the power factor can be
readily obtained by comparing the respective lognormal
deviations, due to reproductive properties of the lognor-
mal distribution function [9]. Moreover we generalize this
concept to any distribution function. This method is of
general use and can be simply applied in cases where the
size of the system determined a given physical property
by a power law relation, as in the optical properties of
quantum dots [10]. In the present context of magnetism,
we apply this approach to AF ferrihydrite nanoparticles
grown in a hybrid matrix to investigate the relation be-
tween Ea and V .
II. MODEL
A. Relation between distributed quantities
As pointed out in the previous section, in AF nanopar-
ticles there is no a priori established relation between V
and µun. At the same time, Ea and V can also be not
proportional. One may however expect that, in general
Ea = αV
p (1)
where p can be different than 1. In a given situation
where the average values 〈V 〉 and 〈Ea〉 of one sample are
known it is impossible to determine α and p simultane-
ously. Their determination is usually carried out compar-
ing samples with different 〈V 〉, considering that α and p
are constant in all samples. Here we show how to de-
termine α and p using magnetic studies on one lognor-
mal distributed sample. The probability distribution of
Ea, g(Ea), is a function of the V probability distribution
g(V ):
g(Ea) = f(V )/(dEa/dV ) (2)
If f(V ) is a lognormal distribution function with param-
eters sV and nV defined as:
f(V ) =
1
V sV
√
2pi
exp−
[
(log(V/nV ))
2
2s2V
]
(3)
then g(Ea) is given by:
g(Ea) =
1
αp(Ea/α)(p−1)/p
1
(Ea/α)(1/p)sV
√
2pi
exp−
[
[log((Ea/α)
(1/p)/nV )]
2
2s2V
]
=
=
1
EasE
√
2pi
exp−
[
(log(Ea/nE))
2
2s2E
]
(4)
with:
nE = αn
p
V
sE = p sV (5)
This means that if V presents a lognormal distribution,
all other physical quantities that can be related to V by
a power relation (Eq. 1) are also lognormal distributed.
More important, when comparing V and Ea, the ratio
between the distribution parameters s is a direct mea-
sure of the power p, while the relationship between n
values gives information about α. Therefore, the relation
between V and Ea in one sample can be quantitatively
derived knowing the lognormal distribution of V and Ea.
As one might expect, this method can be used to de-
termine the relation between any two physical quantities
related by a precise power law similar to Eq. 1.
The relations expressed in Eqs. 4 and 5 are a par-
ticular case of the reproductive properties of the lognor-
mal distribution function [9]. In general, if Xi are inde-
pendent random variables having lognormal distribution
functions with parameters ni and si (as defined in Eq. 3),
their product Y = c
∏
Xbii (with bi and c > 0 being con-
stants) is also lognormal distributed, with sY =
∑
bisi
and nY = c
∑
nbii [9]. In general, reproductive prop-
erties can be used in the analysis of an output whose
inputs are lognormal distributed, as for instance in quan-
titative analysis of human information processing during
psychophysical tasks [11]. However, to the best of our
knowledge, here is the first time that they are used in
the context of physical properties of nanoparticles.
Although many physical properties of interest as size
are often lognormal distributed many others are better
characterized by other functions. This is the case of the
anisotropy energy, which is often described by a gamma
distribution [12, 13, 14, 15]. The gamma function can be
expressed by:
f(x) =
b−axa−1
Γ(a)
exp−
(x
b
)
(6)
with the average of x given by ab and the variance by
σ = ab2. For a > 1, the gamma distribution is similar
3to the lognormal function, so that the use of the lat-
ter function in the case where the gamma distribution is
more suitable may be a good approximation. Therefore
the use of Eq. 5 may also be a good approximation to
find α and p. These values may also be found in the
general case of a different or an unknown distribution,
by searching for a scaling plot or numerically [? ] but,
as seen, the validity of the lognormal distribution makes
this task quite straightforward.
B. Anisotropy energy distribution from ac
susceptibility and viscosity measurements
The out-of-phase component of the ac susceptibility
χ′′ is usually used to obtain the anisotropy energy bar-
rier distribution of different nanoparticles systems and is
given by [1, 13, 14, 15, 16]:
χ′′(f, T ) ≃ piM
2
S
6K
kBT ln(1/(fτ0))f(Ea) (7)
where τ0 is a microscopic characteristic time and Ea =
kBT ln(1/(fτ0)) is the activation energy of the particles
having τ equal to the characteristic time of measurement
1/f . It follows from Eq. 7 that χ′′ is a function of Ea and
that therefore curves taken at different frequencies should
scale when plotted against Ec. At the same time, χ
′′/T
is a measure of the anisotropy energy distribution f(Ec).
In Eq. 7 it is considered that the particles contributing
to χ′′ at a given f and T are mainly those with energy
equal to Ea [17] and that the parallel susceptibility is well
approximated by the equilibrium susceptibility [12] (i. e.
1/ ln(1/(fτ0)) ≪ 1). It is also considered that dipolar
interactions are negligible.
Measurements of the magnetization as a function of
time t (viscosity measurements) at temperatures below
the blocking temperature TB are a complementary way
to investigate the anisotropy energy barrier distribution
of different nanoparticles systems [1, 18, 19, 20], includ-
ing ferritin [21]. With such measurements it is possible
to determine the magnetic viscosity, S, defined as the
change in magnetization with ln(t) of a system held un-
der a constant applied magnetic field, h, and may be
written as:
S(t, T ) ≡ ∂M
∂ ln t
= kBTMeqf(Ea) (8)
considering that the function (t/τ) exp(−t/τ) is narrower
than the distribution function f(Ea) [18]. In ferromag-
netic materials Meq/h =M
2
S/3K, where MS is the satu-
ration magnetization and K the anisotropy constant. It
follows directly from Eq.8 that S/T is proportional to the
anisotropy energy distribution, f(Ea), in analogy with
χ′′/T . In fact, S and χ′′ are probing the same energy
barrier at different time scales.
III. EXPERIMENTAL DETAILS
Ferrihydrite is a low-crystalline AF iron oxide-
hydroxide that typically forms after rapid hydrolysis of
iron at low pH and low temperatures [22]. The struc-
ture of ferrihydrite with domain sizes ranging from 2 to
6 nm was recently described as a single phase, based on
the packing of clusters, constituted by one tetrahedrally
coordinated Fe atom surrounded by 12 octahedrally co-
ordinated Fe atoms [23]. The cell dimensions and site
occupancies change slightly and systematically with av-
erage domain size, reflecting some disorder and relaxation
effects. This picture extends homogeneously to the sur-
face of the domains. This model contrasts with previous
ones, where multiple structural phases were considered
[24, 25], and the existence of tetrahedrally coordinated
Fe atoms was a matter of debate [26, 27].
The synthesis of the ferrihydrite nanoparticles in the
organic-inorganic matrix (termed di-ureasil) has been de-
scribed elsewhere [28]. The particles are precipitated by
thermal treatment at 80 ◦C, after the incorporation of
iron nitrate in the matrix. The sample studied here has
an iron concentration of 2.1 wt% and was structurally
characterized in detail in Ref. [29]. Mo¨ssbauer spec-
troscopy was measured at selected temperatures between
4.2 K and 40 K. A conventional constant-acceleration
spectrometer was used in transmission geometry with a
57Co/Rh source, using a α-Fe foil at room temperature to
calibrate isomer shifts and velocity scale. Ac and dc mag-
netic measurements were performed in a Quantum De-
sign superconducting quantum interference device mag-
netometer.
IV. RESULTS AND DISCUSSION
A. Relationship between anisotropy energy and
size
The Fourier transform high resolution transmission
electron microscopy images (FT-HRTEM) and XRD
diffraction patterns show the existence of low crystalline
6-line ferrihydrite nanoparticles. The nanoparticles are
homogeneously distributed, separated from each other,
and have globular habit. The size (diameter, D) distri-
bution can be described by a lognormal function, with
nD = 4.7 ± 0.2 nm and deviation sD = 0.43 ± 0.05 [29]
(see Fig. 2). As expected from the reproductive proper-
ties, a lognormal size distribution results in a lognormal
volume distribution.
The in-phase ac susceptibility, χ′, is frequency inde-
pendent above TF = 30 K. The maxima of χ
′ follow a
Ne´el-Arrhenius relation:
τ = τ0 exp
(
Ea
kBT
)
(9)
The extrapolated τ0 is of the order of 10
−12 s, as found
in non-interacting/very weakly interacting nanoparticles
4[30]. As dipolar interactions become relevant, the ex-
trapolated τ0 increases. For instance, similar ferrihy-
drite/hybrid matrix composites with more concentrated
ferrihydrite nanoparticles (6.5% of iron in weight), and
thus relevant dipolar interactions, have extrapolated τ0 ≈
10−17 s.
Another evidence of the existence of negligible dipolar
interactions is given by Mo¨ssbauer spectroscopy results,
since interacting systems have a collapsed V-shaped pat-
tern [31, 32, 33]. For temperatures around TB the spectra
can be described by the simple sum of a sextet distribu-
tion and a doublet and no signs of a collapsed magnetic
hyperfine field pattern. On the other hand, such collapse
is observed in the ferrihydrite/hybrid matrix sample with
6.5% of iron, where dipolar interactions are expected to
be relevant. At 4.2 K, the Mo¨ssbauer spectrum of the
sample here studied (2.1% of iron) shows a sextet, with
a hyperfine field Bhf = 48 T. This is characteristic of
ferrihydrite nanoparticles low crystallinity, in accordance
with the FT-HRTEM and XRD results.
As described in Sec. II B, χ′′/T and S/T constitute
a direct measure of the anisotropy energy distribution,
observed at different time scales. In Fig. 1 we can
observe that the distribution obtained from χ′′/T and
S/T fairly superimpose, meaning that Eq. 7 and 8 are
good approximations. Both χ′′/T and S/T curves are
well fitted by a gamma distribution function, with a=3.3
and b=53 (Fig. 1). As expected for a > 1, the curves
can also be satisfactorily fitted to a lognormal function,
with sχ/T = 0.61 ± 0.02 and 〈χ/T 〉 = 170 ± 4 K, and
sS/T = 0.65± 0.02 and 〈S/T 〉 = 176± 4 K, respectively.
We therefore consider sE = 0.63± 0.04 from the average
of sχ/T and sS/T . Since sD = 0.43± 0.05, and using Eq.
5 we directly obtain the power relation between Ea and
D, p′ = 1.5±0.2, which corresponds to p′ = 3/2, so that:
Ea = α
′D3/2 (K) (10)
Eq. 5 can be further used to determine the propor-
tionality between Ea and D
3/2, α′ = 18 Knm−3/2. As
expected from the above equation, we observe that, in
a (Ea/α
′)2/3 scale, both distributions of χ′′/T and S/T
superimpose to the diameter distribution (Fig. 2). This
is a confirmation that describing χ/T and S/T by a log-
normal function is a good approximation for the identi-
fication of p and α. Eq. 10 can be rewritten in terms of
the particle volume as:
Ea = αV
1/2 (11)
This means that the anisotropy barriers are randomly
distributed in volume. In each particle, the effective value
of Ea is given by the fluctuation of local Ea. This requires
that the local Ea is a random homogeneous quantity.
Such homogeneity is supported by the structure model,
since it is composed of a single phase with in-volume
defects, where we can expected Ea to be locally different.
From Eq. 11 it is still possible to determine an effective
anisotropy energy per volume, Keff , that increases with
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decreasing V , following V −1/2. In the 1 -10 nm D range,
Keff ranges from 4.7× 105 to 1.5× 104 J/m3, which are
of the order of those found in the literature [7, 34]. For
the average size of the sample, Keff = 2.9× 104 J/m3.
B. Relationship between magnetic moment and
size
Unlike the case of Ea, there is no direct measurement
of the µun distribution. A way to obtain this distribution
is to model the dependence of the magnetization with the
field M(H) to a given function of µun considering a µun
5distribution. A function usually applied to model M(H)
of nanoparticles is the Langevin function [4, 5, 6, 29].
This is a good approximation when surface effects and
anisotropy are negligible. Anisotropy effects are expected
to be relevant in AF nanoparticles due to coupling be-
tween µun and the AF axis [7, 35]. In AF nanoparticles,
anisotropy effects have been taken into account using a
Ne´el (Ising-like) model, considering that µun can have
only the AF axis direction [7]. On the other hand, recent
simulations show that M(H) is greatly affected by sur-
face effects, such that a one-spin approach as considered
in the Langevin or Ne´el functions are crude approxima-
tions [36].
Despite this situation, we have previously modelled
M(H) using a Langevin distributed function [29] and
found that the parameter s of the µun lognormal distri-
bution is sµ = 0.9, so that q = 0.7± 0.1 and µun ∝ V 2/3.
We note that the value of q here derived is different to
that estimated in Ref. [29] comparing the average val-
ues of the equivalent number of uncompensated ions and
the total number of ions (q = 1/3). Both q values are
obtained after the same fit procedure performed on the
same M(H) curves. The only difference is the approach
for deriving q: using average values of the uncompen-
sated moment and size or using the information about
the distribution of both. This is an example of how the
use of averages may lead to inaccurate estimations, since
the pre-factor of the power law cannot be ignored. In this
scenario the uncompensated moments were to lie on the
particles surface, despite the fact that the energy barriers
associated to the uncompensated moments are randomly
distributed in volume.
At this point one should highlight that the Langevin
distributed function may be a too crude description of
M(H) to yield a good estimation of sµ, so that a dif-
ferent scenario is possible: having no reliable estimation
of sµ we discuss the situation where the uncompensated
moments are associated (proportional) to the energy bar-
riers, so that a µun ∝ V 1/2, i. e. they are randomly
distributed in volume. In fact, the uncompensated mo-
ments are those contributing to the Curie-like ac suscep-
tibility and those experiencing the blocking phenomena
associated with the onset of χ′′ and S. Therefore uncom-
pensated moments should be those relevant in determin-
ing the relation between Ea and V . Within this frame-
work, V 1/2 may be regarded as the equivalent volume
that contains the ferromagnetic-like uncompensated mo-
ments. Such relation between µun and V
1/2 was proposed
for antiferromagnetic nanoparticles by Ne´el [3] and is con-
sistent with magnetization measurements performed on
ferritin [4, 5, 6].
V. CONCLUSIONS
In this report we show that distributed samples can be
used to investigate the relationship between the magnetic
anisotropy barrier Ea and the nanoparticles volume V in
a consistent manner. The relation is accessed by com-
paring the parameters of the lognormal distribution of
both physical quantities. Size distribution was obtained
by a TEM study and Ea was obtained by two indepen-
dent measurements: out-of-phase ac susceptibility and
viscosity measurements. We have applied this method to
a ferrihydrite nanoparticles system and found the rela-
tion between Ea and V in an antiferromagnetic material:
Ea ∝ V 1/2. This shows that the magnetic anisotropy
barriers are randomly distributed in the volume, in ac-
cordance to recent structure studies.
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